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1 Introduction 

Let M be a Riemannian manifold of dimension n > 4. A a connection A 
on a vector bundle over M is a Yang-Mills connection if the curvature Fa_ 
satisfies 

D\Fa = 0. 

This is the Euler-Lagrange equation for the functional 

m] = [ \fa\'. 

J M 

Let {Ak} be a sequence of Yang-Mills connections with uniformly bounded 
energy, i.e. 

sup-E[^fc] < oo. 

k 

Then the set 

S=\x&M : lim r^"" / |Fa,, ^ > for all r > 1 

I fc^OO JBrix) J 

is called the blow-up set of the sequence {A^}. G. Tian j^Hj proved that the 
blow-up set S is closed and //""^-rectifiable. Moreover, the energy densities 
satisfy 

\Fa^^ dvol \Fa^ P dvol + e dH''-^ 

as A; — > oo, where A^ is the limiting connection defined on M \ 5, G de- 
notes the density function, and H'^~^ is the (n — 4)-dimensional Hausdorff 
measure. Furthermore, if the limiting connection A^ is admissible, then 
the generalized mean curvature of S is equal to (see PHIE])- This result 
generalizes a theorem of K. Uhlenbeck in dimension 4. 



In this paper, we consider a smooth minimal submanifold S of dimension 
n — A. Our aim is to construct a sequence {A^} of smooth Yang-Mills con- 
nections whose blow-up set is equal to S. 



In the first step, we construct a suitable family of approximate solutions. 
To this end, we assume that the normal bundle of S can be endowed with 
a complex structure J and a complex volume form uj. Each approximate 
solution is described by a set {v, A, J,lo), where f is a section of the normal 
bundle of S, A is a positive function on S, and (J, is a <S'C/(2)-structure 
on NS. 

For every point x & S, the normal components of an approximate solution 
A coincide with the basic instanton on the fibre NSt, i.e. 
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Aid) = 
A{ei) = 
A{ei) = 
A{ei) = 

where {e^ : 1 < a < 4} denotes a SU{2) basis for the fibre NSx- 

Our aim is to deform the connection ^ to a nearby connection A = A + a 
such that A is a solution of the Yang-Mills equations. 

In the following, we denote by h the second fundamental form of the sub- 
manifold S, and by R the Riemann curvature tensor of M. 



Theorem 1.1. Suppose that H^{M) = 0. Then, for each £ > 0, there exists 
a mapping whch assigns to each set of glueing data {v,\,J,ljj) € 
a section of the vector bundle NS © M © A'^NS of class C'^(S') such that the 
following holds. 

(i) If (v, A, J, Lo) is a set of glueing data such that 
\\v\\c^,7{s) < K, 
||A||c2,7(5) < K, inf A > 1, 
\\{J,u;)\\c2„^s)<K, 
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then we have the estimate 



{v,X,J,uj) 

n—A 4 n-4 4 

i,j=l p,o-=l i=l p,(T=l 

J ^ n-4 4 ^ n— 4 4 ^ 

j j'=l p=l j=l p=l 
n— 4 \ 



1 \ 

1=1 ^ 



(a) If'E£{v, X, J,uj) = 0, then the approximate solution A corresponding to 
{v, A, J,uj) can be deformed to a nearby connection A satisfying D*^F^ = 0. 

In Section 2, we recall some results about the linearized operator on M^. 
In particular, the kernel of the linearized operator on is isomorphic to 
e e A2_r4 (compare [B]). 

In Section 3, we study the mapping properties of a model operator on the 
product manifold R"-"^ x R^. 

In Section 4, we construct a family of approximate solutions of the Yang- 
Mills equations. More precisely, given any set of glueing data (f,A, J, a;) 
satisfying 

ll^llc2.^{S) < 

||A|[c2,7(s) < K, inf A > 1, 

||(J,tj)||c2,7(5) < K, 

we construct a connection A such that 

\\D*AFA\\q{A4) < Ce'^. 
Here, the weighted Holder space Cj(M) is defined as 

\W\\c2{M) = sup(e + dist(p,S'))'' \u{p)\ 

+ sup {e + dist(pi, 5) + dist(p2, s))'-+7 l^(Pi)-^(P^)l 

4dist(pi,p2)< dlSt(pi,P2)^ 
e+dist{pi,5)+dist{p2,S') 

In Section 5, we derive uniform estimates for the operator = La+DaD\. 
Here, La is the linearization of the Yang- Mills equations at an approximate 
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solution A. The additional term D^D^ must be included because La is not 
an elliptic operator. 



To derive uniform estimates independent of e, we need to restrict the op- 
erator to a subspace £2{M) C C2{M). A 1-form a belongs to £2{M) 



for all X G S" and all vector fields of the form 

X = ewpef + n{y - ev)p ej + (y - ev)o- 
with w G NS:r, /i e M, and r G A\NSa:. 

In Section 6, we apply the contraction mapping principle to deform the 
approximate solution ^ to a nearby connection A = A + a such that 



where (I — P) is the fibrewise projection from C2{M) to the subspace £2{M). 
In particular, if the balancing condition 



is satisfied, then A is a Yang-Mills connection. 

In Section 7, we calculate the leading term in the asymptotic expansion of 



This concludes the proof of Theorem 1.1. 
An example is discussed in Section 8. 

A related balancing condition occurs in the work of R. Schoen and D. Pol- 
lack on the constant scalar curvature equation in conformal geometry. 
In this way, an infinite dimensional problem is reduced to solving a finite 
dimensional balancing condition. The balancing condition ensures that the 
energy is stationary with respect to variations of the glueing data. For the 
constant scalar curvature equation, an asymptotic expansion for the energy 
of a multi-peak solution was calculated in A. Bahri and J. M. Coron |2]. 
Similar results have been proved for constant mean curvature hypersurfaces 



if 




{l-¥){DlF^ + D^Dla)=^, 



¥{D\F^ + D^D\a) = Q 



¥{D\F^ + D^D\a) = Q. 



(see miSlEl)- 
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In the examples mentioned above, the blow-up set consists of isolated points 
and each approximate solution is characterized by a finite-dimensional set of 
glueing data. In our situation, the space of approximate solutions is infinite- 
dimensional. This leads to technical difficulties. A similar problem occurs 
in the work of F. Pacard and M. Ritore JH| on the gradient theory of phase 
transitions, and in our earlier work on the Ginzburg-Landau equations in 
higher dimensions. 

The author is grateful to Professor Gang Tian for discussions, and to the 
referee for valuable comments. 



2 The kernel of the hnearized operator on 

The basic instanton on is given by the formula 
„ -2/2 i - 2/3 j - 2/4 6 

— 2 I I 12 

e + \y\ 

„ 2/ii-2/4j + 2/3* 

e + \y\ 

„ 2/4 i + 2/1 j - 2/2 * 

e + \y\ 

„ _ -2/3 i + 2/2 j + 2/1 6 

e + \y\ 

where {i, is the standard basis of su(2), i.e. 

d d ■( \ ^ -f ^ \ ^ ■( ^ \ ^ 

dyi dy2' dy2 dyi dys dy^' dy^ dy^' 

(9 d •/ "5 - d ■( ^ \ ^ ■( ^ \ ^ 

^ dyi dys' ^ dy2 dy^ ' dys dyi' ^ dy^ ^^2' 



d 




) = A 


dyA 


dyi 




dyi 


d 




d 




dyz 


^2/2' 



d d d d d d d d 

dyi dyi dy2 dys dys dy2 dy^ dyi 

Note that = 2!, = 2i, [6,1] = 2j. The curvature of B satisfies 

-^_B,12 = —Fb,34: 
Fb,13 = —Fb,12 
Fb,U = —Fb,23 



2.2 i 




+ |2/P)2 




2^2 j 


(£2 


+ |2/P)^ 






(£2 


+ |2/P)^ 



We first recall some well-known facts about this solution. In the first step, 
we construct a frame which is asymptotically parallel as \y\ 00. 
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Lemma 2.1. Let 



u = {e'^ + \y\^) ^2 {nyp + rpaVa) 



for some /U G M and r e AiM^. Then 



DB,aU = £^ (e^ + {l^Spa + rpa) 



Proof. We only consider the case /x = 1, r = 0. By definition of B, we have 



( 8 8 8 \ 

^ oy2 (7y3 t^y4/ 
(888 
\ 8yi 8y4 dys 

( 8 8 8 \ 

dyi 



{e^ + \y\^)2DB,2U = {e^ + \y\^) 
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y2yi 



yl 



8 



/ 8 8 8 \ 

+ yi[ - Via 1" ^4 ^ 2/3 ^ 

^ 8y2 8y3 8y4,J 

8 8 8 \ 

2/1 ^ ^ 2/4 ^ h 2/3 ^ 

< dyi dy4 8y^J 

(8 8 8 

+ 2/3 2/1;^ 2/4 ^ ys ^ 

V d2/4 d2/i d2/2 

/ 5 5 5 

+ y4 - 2/1 ^ y4 ^ — h ys 



+ ^2(2 



dy2 



8y 



:) 



dy2 



2/22/3 



5y3 



2/22/4 



dyi 
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/ 2 I i2\— 7-^ / 2 1 i2\ ^ ^ ^ 1 ^ ^ 

(£ +\y\ ) 2 DB,iU = (e + y ^ ym ^ ^3^2 ;^ ya ^ ^3^4 ^ 

5y3 Syi dy2 dys dy^ 



d d d \ 

oy2 oys oyA^ 
d d d 



+ yi( 

f d d d 

V dyi dyi dy2' 
( d d d \ 

is' + Dn,,u = is' + \y\') |- - y,y, |- - y^ ^ - ym ^ " ^ 



/ d d d \ 

f d 3 d 

V dyi dyi dys 

( d 3 d \ 

+ - y3 ^ h y2 ^ 2/1 ^ 

V dyi dyi dy2J 

f d 3 3 

+ ^4 ^3 ^ h y2 ^ h yi 

^ (72/3 dy2 oyi 



dy^ 

The remaining cases are left to the reader. 



Lemma 2.2. For every r G A^M^, we have the identity 

Dsirpa ya Bp) = -Fb {vpa 2/^ ') • 
Proof. By direct calculation, one can see that 

Tpa y<j dpBa + Tpa Bp = 

for all r G A+M^. This implies 

rpa y<7 FB,pa = Tpa y^ {3pBa - 3aBp + [Bp, Ba\) 
= Tpa ya {dpBa - DB,aBp) 
= Tpa ya 3pBa + TpaBp - DB,a{rpa ya Bp) 
= -DB,a{rpayaBp). 
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This proves the assertion. 

In the second step, we study the hnearized operator (cf. jUj), which we 
denote hy Lb- The operator Lb is given by the formula 

Lbu = DgDsa - *[FB,a]. 
Using the Weitzenbock formula 

D*BDBa + DBD*Ba = V*bV Ba - a], 
we obtain 

LBa + DBD*Ba = VbV Ba - 2 *[FB,a]. 
In particular, Lb + DbD*b is an elliptic operator. 

Lemma 2.3. For every a G we have 

LBa + DBD*Ba = 2 D^P+DBa + DbD^q. 

Hence, the operator Lb + DbD^ is positive semidefinite. 

Proof. By definition oi Lb, we have 

Lbo = D%DBa - *[Fb, a] 
= DbObu — ^DbDbo 
= D*BDBa + D*B*DBa 
= 2D*BP+DBa. 

Prom this the assertion follows. 

Our aim is to describe the kernel of the operator Lb + DbD*^ : C^^^(M^) — 



for some w E M^, ^ € M, and r € A^M^. Then a satisfies P^Dbcl = and 



Proposition 2.4. Let 




D*a = 0. 



8 



Proof. Using the Bianchi identity, we obtain 

Dsa = ewp Db,pFb + jiyp Db,pFb + Vpa Va Db,pFb + 2// Fb. 
Since Fb G A?.M^, this imphes P+DBa = 0. Similarly, we obtain 

D%a = {D*bFb) 4 + ^ ^ + ^) = 0- 

This proves the assertion. 

Corollary 2.5. Let 



for some w G M^, G M, andr G A^_]R^. Then a satisfies LBa+DBD^a = 0. 



Wc now prove the converse statement. Due to the conformal invariance of 
the Yang-Mills equations in dimension 4, we may lift the problem on 5^. 
The kernel of the linearized operator on S"^ is described in the following 
result which is well-known. 



Lemma 2.6. Let a be a 1-form on such that LB^g^^a = 0. Then there 
exists some w G M^, /x G M, and an infinitesimal gauge transformation u 
such that 



a = FbIeWp^ + IJ'Vp-^A +Dbu. 
V dyp dyp J 



Proposition 2.7. Let < < 1. Assume that a G C\'^^{R^) satisfies 
LBa + DBD*Ba = 0. 

Then a is of the form 

for some w G M^, /i G M, and r G A^M^. 

Proof. Using integration by parts, we deduce that Lbo, = and -D^a = 0. 
We now lift the problem to S^. The round metric on is given by 

^5^= (£2 + |y|2)2 5R- 
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Using the estimate 

\a{y)W^=0{\y\-'-n, 
we obtain 

2 I 1 2 

\aiy)\s. = '-^f^\aiy)W. = Oi\y\'-n. 

The conformal invariance of the Yang-Mihs equations imphes that L B,gg4 a = 
0. From this it follows that 



where and u denotes an infinitesimal gauge transformation. 

The function u can be written as 

U = -rpayaBp + Uo, 

where r G A^R^ and uq = 0(|y|~''). Therefore, we obtain 

Since D%a = 0, it follows that D^Dbuq = 0. Since uq e ^''^(M^), we 
conclude that uq = 0. Therefore, we obtain 



This proves the assertion. 



3 The model problem on W'^ x 

Let S be a connection on M"""^ x which is invariant under translations 
along the R"~^ factor and agrees with the basic instanton along the R^ 
factor. This implies 

p/ ±N _ -y2i-y3]-y4t 



+ \y\ 

yi^-yij + yzi 

Bid) = 
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where 



i(ei ) = -4 > 


K4) = ei , K4) = > 


i(ef ) = 


-ef, 


Kei) = -eh 


Kef) = -ef , j(ef ) = ef , 


Kef) = 


= ef , 


i(ei) = -ei, 


K4) = 4, fi(ef) = -ef 


, fi(ef) 


= ef 


Furthermore, -B(ej) 


= for 1 < ? < 4. 







The hnearized operator satisfies 

Lea = D*BDBa + (-1)" * [*Fb, a] 
Using the Weitzenbock formula 

D*BDBa + DijDlja = V^Vbo + (-1)" * a], 
we obtain 

Lea + L>bL>> = V^Vfia + (-1)" 2 * [*Fb, a], 
For abbreviation, let = + DbD*^. 

We define the weighted Holder space Cj(M"-'^ x M'') by 
ll'"llcj(]R"-4x]R4) = sup(£ + |n(a;,y)| 

+ sup e+yi+y2)^^7] r—] 

4(|x-i-x-2| + |j/i-y2|)< (kl-X2| + |2/l- 

£+|yi|+|j/2| 

More generally, we define 

k 

ll'"llc^T(M"-4xM4) = XI ll^^'"llcJ_^;(K"-4xM4)- 

Let f^^(R"-4 X be the set of all a G x M^) g^ch that a G 

C^'^(M"-4 X R4) and 

/ ^(a(ef),FB(X,ei))=0 
for all X G M""^ and all vector fields of the form 

with u; G M^, /X G M, and r G A^R^. 
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Proposition 3.1. The operator ts maps S'^'^^iW* xR'^) into S^^^iW'^ x 



Proof. It is obvious from the definition that maps Cii^^{M."' ^ x M^) into 
C^+^(R"-^ X M^). We now assume that a G Cif^(M"-^ x M^) satisfies 

/ X^(a(e^),Fs(X,ei))=0 

J{a:}xR4 

for all X G M"~^ and all vector fields of the form 

X = ewpcj + nypsj + r^^ Va ej 

with u; G M^, /X G M, and r G A^M^. Taking derivatives in horizontal 
direction, we obtain 

4 72 — 4 

Furthermore, integration by parts gives 

4 4 

4 4 
4 4 
4 4 

= 0. 

Thus, we conclude that 



/ J2i(-^Ba){e^),FB{X,ei^)) = 

J{x}xR* a=l 

for all X G M"~^ and all vector fields of the form 

X = sWpCp + nypej + rpa Va ej 
with weR^, fieR, and r G AiM^. 
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Proposition 3.2. Let < u < 1, b e C^+^(M^), and r? G 5(M"-'^). More- 
over, assume that, the Fourier transform of tj satisfies f}(^) = for \^\ < S 
for some S > 0. Then there exists a 1-form a G Cl'^j^{W^~^ x M^) such that 

Lea = ri{x) b{y). 

Proof. We perform a Fourier transformation in the M."'~'^ variables. Let 

riix)= I e'-^md^- 
For every $, G R""^, there exists a 1-form a(^, •) G Cl'^^{R^) such that 

4 4 
p=l 13=1 

for 1 < a < 4 and 

4 

YDB,i3DB,/3ai{^,y) - \^\'^ai{(,y) = -bi{y) 

0=1 

for 1 < z < n — 4. We now define a 1-form a by 

aaix,y)= e'^^ 77(0 aa(C,y)ciC 

jRri-4 

for 1 < a < 4 and 

ai{x,y) = / e""'^ fliO ai{i,y) di 
for 1 < z < n — 4. Then the 1-form a satisfies 

n— 4 4 4 

^ Oj-^j-aa -I- ^ DB,(3DB,f3aa + 2 ^[Fb,q/3, a^] = -?7(x) 6a(y) 

J=l ^=1 p=l 

for 1 < a < 4 and 

n-4 4 

^ 9j5jaj + ^ DB,/3DB,pai = -r){x) bi{y) 

j=l (3=1 

for 1 < z < n — 4. From this we deduce that L^a = r){x) b{y). 

Proposition 3.3. Let < < 1, and suppose that a G £l:^^{W^~'^ x R^) 
satisfies L^a = 0. T/ien a = 0. 
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Proof. Let b G C^+^{M.'^) and C € 5(M""'^) be given. We define a function 
77 € 5(M"'~^) by r]{x) = ({x + xq) — Ci^)- Then the Fourier transform of rj 
satisfies 77(0) = 0. We approximate r] by functions rfs such that 

miO = 

for 1^1 < 5 and 

mio = m 

for 1^1 > 26. Using the condition 77(0) = 0, we obtain 



\D''-\fi - fis)\\ P , <C5^-V, 



hence 



n— 4 



\\ii + \x\r-Hv-vs)h.^^.-.)<cs'-- 

for all p > 2. From this it follows that 

wv - mWmur^-^) < 11(1 + i-r^"-'^ll,-.(^„_.) 11(1 + i-r-' iv - %)|L.(«„-.) 

for all p > 2. This implies 

- %IIl1(]R"-4) 

as (5 — > 0. 

For each (5 > 0, the 1-form r]s{x) b{y) lies in the image of L^. Since a belongs 
to the kernel of L^, we obtain 



/ {a{x,y),m{x)b{y)) =0. 

Letting 6 ^ 0, we obtain 

/ {a{x,y),ri{x)b{y)) =0, 



hence 



/ {a'{x,y)X{x)b{y)) = {a{x - xo,y),C{x)b{y)). 

JR"-4xR4 JR"-4xR4 

Since 6 and ( are arbitrary, we conclude that a{x,y) = a{x — xo,y). There- 
fore, a{x, y) is constant in x. Using Proposition 2.7, we obtain 

a = FB{X,-), 
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where X is a vector field of the form 

for suitable w G R^, /x G M, and r G A^R^. This proves the assertion. 
Proposition 3.4. Let < < 1. Then we have the estimate 

ll"'llc^:j7^(R"-4xR4) < l|I-S«llc^^^(K"-ixK4) 

for all a G <fi4^^(R"-4 x M^). 

Proof. By Schauder estimates, it suffices to prove that 

sup {£ + \a{x, y)\<C sup (e + \y\f+'' |Lsa(x, y)\. 

Suppose that this estimate fails. Then there exists a sequence of 1-forms 
a(j) G fif^(M'^-^ X M^) such that 

snpie + \y\y+''\a^^\x,y)\ = l 

and 

sup(£ + |y|)3+- \]LBa^^Hx,y)\ ^ 0. 
Then there exists a sequence of points {xj,yj) G R""^ x R^ such that 

snp{s + \y,\)'+'^\a(^\x„y,)\>l. 
There are two possibilities: 

(i) Suppose that the sequence \yj\ is bounded. After passing to a sub- 
sequence, we may assume that the sequence a^^^ converges to a 1-form 
a G Sl'^^iW-^ X M^) such that 

sup{e + \y\y+''\a{x,y)\ < 1 

and 

Lsa = 0. 

Using Proposition 3.3, we conclude that a = 0. This is a contradiction. 

(ii) We now assume that |yj| — ^ oo. Let 

d^^\x,y) = lyjl^^" a^^\x + Xj,\yj\y). 
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After passing to a subsequence, we may assume that the sequence a^^ con- 
verges to a 1-form a such that 

sup \a{x,y)\ < 1 

and 

d*da + dd*d = 0. 
Thus, we conclude that a = 0. This is a contradiction. 

Proposition 3.5. Let < < 1. Assume that b G C3^^(R^) satisfies 

I {b,FB{X,-))=0 

for all X £ M"^^ and all vector fields of the form 

X = ewp ep + nypej + rpayaej 

with weM.'^, iJ.eR, and r G A^R'^. Moreover, let r) G <S(R"-^). Then there 
exists a 1-form a e £"if^(M"-^ x M^) such that 

L,Ba = r){x)b{y). 

Proof. Let 

r,{x)= [ e-«r?(Ode- 
For every ^ G M"~^, there exists a 1-form a(^, •) G C^!|Jj^(M^) such that 

4 4 

DB,pDB,paa{^, y) + 2 a/3(C, y)] - aa(^, y) = -ba{y) 

p=l 13=1 

for 1 < a < 4 and 

4 
13=1 

for 1 < z < n — 4. Furthermore, a(^, •) satisfies 

/ (a(e,-),^B(^,-))=0 

for all a; G M"~^ and all vector fields of the form 
X = swpCp + nypej + rpayaej = 
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with u; G M^, |Lt G M, and r G A^R^. We now define a l-form a G 

£l!^^{W-'^ X R4) by 

for 1 < a < 4 and 

for 1 < z < n — 4. Then the l-form a satisfies 

n— 4 4 4 

j=l /3=1 /3=1 

for 1 < q; < 4 and 

n— 4 4 

^ djdjai{x, y) + ^ DB,f3DB,i3ai = -r]{x) bi{y) 
j=l (3=1 

for 1 < i < n - 4. Thus, we conclude that a G £'i\^^(M"-'^ x R'^) and 
L^a = r]{x) b(y). 

Corollary 3.6. Let < u < 1, and suppose that b G S]_^_^{W-^ x M^) /tas 
compact support. Then there exists a l-form a G £^!^j^{W^~^ x M^) suc/i i/iai 

ll"llci\^JK"-4xR4) < ll^llc3'+,(R"-4xR4) 

and 

LfiO = 6. 

Proof. It follows from Proposition 3.4 that the range of the operator Ls : 

S^'^^iR"--^ X M^) ^ £]_^_^{R"'-^ x M^) is a closed subspacc of the Banach 
space £'3^^(M"^^ x R^). By Proposition 3.5, it contains all 1-forms of the 
form r]{x) b{y), where rj G (S(R"'~'^) and b G C3_|_^(R'^) satisfies 

/ (6,Fb(X,-)) = 

JR4 

for all X G R"~^ and all vector fields of the form 

X = ewpej + nypej + rpa ya ej 

with G R^, /X G R, and r G A^R^. The assertion follows now by approxi- 
mation. 
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Proposition 3.7. Let < u < 1. Suppose that b G S^j^^iW"^ x M^) is 
supported in the set {{x,y) G R"^'* x : \x\ < 5, \y\ < 26^^}. Then there 
exists a I- form a G r{^^{W'-^ x M^) such that a is supported in {{x^y) G 
W-'^ X M"^ : \x\ < 25, \y\ < 26"^}, 

ll"IICi:T'^(IR"-4xM4) - ||&||cT'^_^(]Rn-4xM4) 

and 

IILfiO - &||cT'^^({(j;,2/)gMn-4x]R4.|j,|<254}) < C* <5 || ^'Hc^'^^^ (]Rn-4 xM4) 

and 

IlLsa - 611(^7^ J]R„-4xM4) < C\\og5\~^ ll^llcT'+^(M»-4xiR4). 

Proof. By Corollary 3.6, there exists a 1-form a G £l'_^j^{R"-~^ x M^) such 
that 

and 

Lea = b. 

Let C be a cut-off function on R""^ such that = 1 for \x\ < 6, ({x) = 
for |x| > 26, and 

sup^lVCI+supJ^lV^CI <C. 

Furthermore, let ry be a cut-off function on R""^ satisfying r){y) = 1 for 
\y\ < 26^, r){y) = for \y\ > 26^, and 

sup |y||Vr/|+sup \y\^ \V^r,\ < C \\og5\-\ 

Then we have the estimates 

11^'' ""ci4y^(R"-4xR4) ^ ll^llcT'^^(R"-4xR4) 

and 

^({(x,2/)eR"-4xR4:|y|<254}) 
= ||LB(Ca) - C^Ba\\c2_^^{{(x,y)eR'^-^xR^:\y\<25^}) 

< C"*^ ll^llc5'^^(K"-4xK4) 
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and 



= I|Lb(?7Co) -f?CI-sa|lc3'+jKn-4xK4) 
<C\\og6\ ^ l|a||c|^7jig,„-4xK4) 

< C|log(5|"^ ll^llc3\,(K"-4xR4). 

Prom this the assertion follows. 



4 Construction of the approximate solutions 

In this section, we describe the construction of the approximate solutions. 
To this end, we assume that the normal bundle NS can be endowed with a 
S'C/(2)-structure {J,uj). Here, J is a complex structure and a; is a complex 
volume form on NS. 

Let V' = V + ^ be a connection on the normal bundle NS such that ^ is a 1- 
form with values in the Lie algebra A^NS and (J, a;) is parallel with respect 

to the connection V'. The 1-form 6 is uniquely determined by the covariant 
derivative of the pair { J,uj) with respect to the Levi-Civita connection V. 
Since (J, cu) is parallel with respect to V', the connection induced by V' on 
the bundle A\NS is flat. 

The connection V' induces a splitting of the tangent space TNS into hori- 
zontal and vertical subspaces. Let {e^ : 1 < i < ri — 4} be an orthonormal 
basis for the horizontal subspace with respect to V, and let {e-^ : 1 < a < 4} 
be a SU (2) basis for the vertical subspace V. 

In the first step, we define a connection on the pull-back bundle tt*NS of 
the normal bundle under the natural projection tt : NS S. Since we may 
identify a neighborhood of 5 in M with a neighborhood of the zero section 
in NS, this gives a connection on a small neighborhood of S in M. In the 
second step, we show that this connection can be extended to the whole of 
M using suitable cut-off functions. 

The glueing data consist of a set {v,X,J,u>), where v is a section of the 

normal bundle NS, A is a positive function on S, and {J,uj) is a SU{2) 
structure on the normal bundle NS. As in Section 3, let {i, be a basis 
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for the Lie algebra su(A'^5) such that 

i(e^) = -e^, i(e^) = ef, i(e^) = ef , i(ef ) = -e^, 

Kei) = -ei, }{e2) = -ei, j(e^) = , j(ef ) = e^, 

i{ei) = -ei, Kei) = ei, i{ei) = -ei, «(ef ) = 

We consider a connection of the form Da = V+A. The vertical components 
of A are defined by 

A{ei) 



-{y 


-£v)2\- (:y-£v)-i) - {y 


— ev)4 1 




e^}? + y — ev\^ 




{y- 


Ev)x\- {y - ev)4) + {y - 


ev)3t 




e^y? + y — ef p 




{y- 


ev)4i+ {y - ev)\) - {y - 


ev)2t 




e^A^ + \y — £vp 




-{y 


- ev)3 i+{y- ev)2 j + {y 


-ev)it 


e^}? + y — evS^ 



Since the basic instanton on is <S'[/"(2)-equivariant, this definition is inde- 
pendent of the choice of S'?7(2)-framc {e;^,; : 1 < a < 4}. Furthermore, the 
horizontal components of A are defined by 

A(eO = -e V,vp ^(e^) - A"^ A {y - ev)p A{ej) 

for 1 < z < n — 4. 



Lemma 4.1. The curvature of A is given by 

FA{e'„ ei) = -{eV'iVp + A'^ V^A (y - ev)p) FA{ej, e^) 

and 

FAie'i, e'j) = (eViVp + X'^ V^A {y - ev)p^ 

■ [eVjV, + A-i VjA (y - ev)^') i^^(e^,e^) 

+ dj + A{Cij {y - ev)) , 
where Cij G A'^NS is the curvature of the connection V'. 
Proof. By definition of A, we have 

FA{e\, e^) = V'^,A{e^) - V,x^(eO + [^(e^, ^(e^)] 

= -eV[vp (v,xA(ei) - V,x^(e^) + [^(e^), ^(e^)]) 

- A-i V,A {y - ev)p (v,x A(e;]^) - V,x A(e^) + [A{e^) , A{e^)]) 

= -£V,VpFAiej,e^) 

-\-^Vi\{y-ev)pFA{e^,ei) 
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and 

= V^,A{e'j) - V;, A(e^) + [A{e'^,A{e'j)] + + A{Q, y) 

= eV,Vpey]v, (v,xA(e^) - V,x^(e^) + [A{ej^) , A{e^)]) 

+ eV,Vp\-^V,\{y - ev)^ (v,xA(e;^) - V,xA(e^) + [A{e^) , A{ej^)]) 

+ A-i V,A {y - ev)p e V'^v, (v,x A(e^) - V^x A(e^) + [A{ej), A{e^)]) 

+ dj + A{Cij (y - ev)) 

= eV,VpeVjV„FAief,e^) 

+ eViVp A-i V, A {y - ev)^ ^^(e^, e^) 

+ A-i ViA (?7 - ev)p e V^i;^ i^A(ep , e^) 

+ Cij+A{Cij{y-ev)). 

This proves the assertion. 

Let {ej : 1 < i < n — 4} be an orthonormal basis for the horizontal subspace 
with respect to the Levi-Civita connection V. Then we have the following 
result: 

Lemma 4.2. The curvature of A satisfies 

FA{ei,e^) = -(eViVp + X-'^Vi\{y-£v)p + ei^paiy-ev)a^ FA{ej,e^) 

and 

FA{ei, ej) = (^e ViVp + VjA {y - ev)p + Oi^pa {y - £v)o^ 

■ {eVjV„ + A^^ VjA {y - ev)^ + Oj^ap {y - ev)p^ FA{e^, e^) 
+ Cij + A{Cij {y - ev)) , 

where Cij G A'^NS is the curvature ofV'. 

Proof. Since V' = V + ^, the orthonormal basis {cj : 1 < ? < n — 4} is 
related to the orthonormal basis {e^ : 1 < z < n — 4} by 

= Ci + Gi,pa Va ^p ■ 

The assertion follows now from Lemma 4.1. 
Using Lemma 2.1, we obtain the following result. 



21 



Lemma 4.3. Suppose that fi is constant and r is a section of the vector 
bundle A^NS such that V'r = 0. Let 

u = {e^X^ + \y - ev\^)~^ [ii {y - ev)p + r^o- {y - £v)a) ej. 
Then the covariant derivative of u satisfies the estimate 

Hence, as we move away from the submanifold S, the connection A ap- 
proaches a flat connection. Therefore, we can extend A trivially to M. 

Our aim is to derive estimates for D\Fa in Cl{M). To this end, we assume 
that the glueing data (-y. A, J, w) satisfy the estimates 

Il^^llc2.7(5) < K, 

11-^1102.7(5) < K, inf A > 1, 
\\{J,u)\y„^S)<K 
for some K > Q. All implicite constants will depend on K. 

Proposition 4.4. If the set {v,X,J,oj) is admissible, then we have the es- 
timate 

IPl-^-Allcg(M) < Ce'^. 
Proof. Since 5 is a Yang-Mills connection on R^, we have 

4 

/3=1 

Using Proposition 2.4, we obtain 

4 

/3=1 
4 

5^ D^^^^ (A-^ ViX {y - ev)p FA{ej,ej)) = 0, 
0=1 

4 
(3=1 
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Prom this it follows that 

4 
0=1 

Therefore, we obtain 

\\D*i^FA\\cj^M)<Ce\ 

Here, go denotes the product metric on NS, i.e. 

gQ{ei,ej) = Sij 
9o{ei,e^) = 
9o{ea,ep) = Sap. 

Let g be the pull-back of the Riemannian metric on M under the exponential 
map exp : NS — > M. Then the metric g satisfies an asymptotic expansion 
of the form 

4 

g{ei, Sj) = Sij + 2 ^ hij^p yp + 0{\y\^) 
p=i 

g{e.,ei) = 0{\y\^) 
g{ei,e^) = Sa0 + O{\y\% 

where h denotes the second fundamental form of S. In particular, the volume 
form of g is related to the volume form of by 




= l + Hpyp + 0{\y\^), 



where H is the mean curvature vector of S. Since the mean curvature of S 
is 0, we obtain 




= l + 0{\y\^). 



Thus, we conclude that 
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5 Estimates for the linearized operator in weighted 
Holder spaces 

Our aim in this section is to analyze the mapping properties of the linearized 
operator : n^{M) n\M). 

Proposition 5.1. Suppose that b G C^_^j^{M) is supported in the set {p € 
M : dist(p, S) < 2S^} and satisfies 

I Y.{h{eilFA{X,ei))=Q 

JnS. a=l 

for all X E S and all vector fields of the form 

X = ewpep + n{y - ev)p ej + rpa {y - sv)a 

with w G NS, )U G and r G A'^NS. Then there exists a l-form a G 
C^^j^(M) which is supported in the region {p G M : dist(p, 5) < 25^} such 
that 

and 

IlL^a - i'||cg^J{peM:dist(p,S)<254}) < C S \\b\\c2^^(^M) 

and 

W^Aa - b\\c;^^{M) < C I logd\-^ \\b\\c;^^{M)- 

Proof. Let {C^-^'^ : 1 < J < jo} be a partition of unity on S such that each 
function (^^^ is supported in a ball Bs{pj), and 

\{l < j < jo ■■ X e B^siPj)}\ < C 

for all a; G S" and some uniform constant C. For each 1 < j < jo, there 
exists a l-form a^^^ G Cl'_^^{M) which is supported in the region G 
NS -.xe B2siPj), \y\ < 2<5^} such that 

and 

IIL^aO) _ ^0) 6||c7^_^({peM:dist(p,5)<254}) < C 5 \\C^^^ b\\c.^^^M) 
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and 

||L^a(^) - C^^) ^llc3V(M) < c I \og5\-^ WHq^^m- 
We now define 



i=i 

Then we have the estimates 

<C sup, ||C(^n||c.^^(M) 
<t^ll«'llc3V(M)> 



IIL^a - ^llcT- ({peM:dist(p,5)<254}) < C sup IlL^a^^) - C^-^^ &llcj, ^({peM:dist(p,5)<254}) 

<C<^ sup IIC^^) 6||c3V(M) 



<C'5||«'IIC3V{M), 
(M) :i «Lip ||i^AU"- - I," - flic?, JM) 



l|LAa-6||c?_(M)<C sup ||LAa(^')-C(^')6||c7 

i<i<io 



<C|log,5|-i sup ||C(^)6|U 



l<j<jo 



■3+: 



<c|iog5r^ ii^ikvcM)- 

This proves the assertion. 



Proposition 5.2. For every b G Cj_^_^{M), there exists a 1-form a G C^^^(M) 
and 

d*da + dd*a = b. 

Proof. Since H^{M) = 0, the operator d*d + dd* : n^{M) n\M) is 
invertible. Hence, there exists a 1-form a such that 

d*da + dd*a = b. 
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Therefore, it remains to show that 

||a|lc2^7jM) <C\\d*da + dd*a\\c2^^^M)- 
By Schauder estimates, it suffices to show that 

sup (e + dist(p, 3))^+" \a\ < C sup (e + dist(p, 3)^+" \d*da + dd*a\. 

Suppose that this estimate fails. Then there exists a sequence of positive 
real numbers Sj and a sequence of 1-forms a(^) G Cl'^^i^) such that 

sup {Ej + dist(p, 5))^+'^ |a(^)| = 1 

and 

sup {Ej + dist(p, 3))^+" \d*da^^^ + dd*a^^\ 0. 
Then there exists a sequence of points pj G M such that 

sup(e, +dist(p„5))i+na^''^fe)l > ^- 
There are two possibilities: 

(i) Suppose that dist(pj,S') is bounded from below. After passing to a 
subsequence, we may assume that the sequence a^^^ converges to a 1-form 
a e n^{M) such that 

sup dist(p,S')^+'' |a| < 1 

and 

d*da + dd*a = 0. 

From this it follows that a is smooth. Since the operator d*d + dd* : 
Q}{M) Q}{M) has trivial kernel, it follows that a = 0. This is a contra- 
diction. 

(ii) We now assume that dist(pj,5) 0. After rescaling and taking the 
limit, we obtain a 1-form d G ri^(M"-^ x M^) such that 

sup \y\^+'' \d\ < 1 

and 

d*dd + dd*d = 0. 
Thus, we conclude that a = 0. This is a contradiction. 
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Proposition 5.3. Suppose that b G C^_^_^{M) is supported in the region 
{p e M : dist{p,S) > S^}. Then there exists a 1-form a G Cl'^^{M) which 
is supported in the region {p E M : dist(p, S) > 5^} such that 

ll"llci\^JM) ^ C ||6||C3V(M) 

and 

\\hAa-b\\c.^^^M)<c{\logS\-'+S-''s') ||6||c.^^(M). 

Proof. By Proposition 5.2, there exists a 1-form a G C^^^(M) such that 
and 

d*da + dd*a = b. 

Let now 77 be a cut-off function such that rf{p) = for dist(p, 5) < S^, 
r){p) = 1 for dist(p, S) > 5^ and 

sup dist(p,5') |V7?| + sup dist(p,S')^ |V^r/| < C\log5\~'^. 

Then the 1-form r/a is supported in the region {p G M : dist(p, iS) > (^^} 
and satisfies 

= WD^DAina) + DAD\{7]a) + (-1)" * [*FA,r/a] - i] {d*da + dd*a)\\q jj^-^ 



< \\D*ADA{r]a) + DAD*A{ria) + (-1)" * [*FA,va] - d*d{va) - dd*{ria)\\ci 



3+1/ 



(M) 



-I- \\d*d{r]a) + dd*{r]a) — rj {d*da + dd*a)\\(;7_^ ^j^^ 

< \\D\DA{ria) + DAD\{ria) + {-ir >^[*FA,va]-d*diria)-dd%rja)\\c.^^^M) 
+ 11^*^(770) -|- dd*{r]a) — rj {d*da + dd*a)\\Qi^ 

< CS-'^e' \\b\\c.^jj^) + C\log6r' ||6|lc3V(M)- 
This proves the assertion. 

In the following, we will choose S = . Let k be a cut-off function such 
that k{p) = 1 for dist(p, S) < and k{p) = for dist(p, S) >2ei. 

Let £u'^{M) be the set of all b G n^{M) such that b G d'^(M) and 
/ nY,{Kea).FA{X,ei)) = Q 
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for all X e S and all vector fields of the form 

X = swpCp + n{y - ev)p ej + Vpa {y - ev)a 
with w G NSx, /X G R, and r G K\NSx- 

We denote by I — P the fibrewise projection from C2{M) to the subspace 
£il{M). Hence, if 6 is a 1-form, then the projection Fb is of the form 

P6(e^) = K{ewp + i^iy - ev)p + rpa {y - £v)a) FA(e^, e^) 

for some w G NS, G M, and r G K\NS. Let 11 be the linear operator 
which assigns to every 1-form h the triplet 

n6 = {w, ix,r) eNS®W® k\NS. 

We shall need the following estimate for the operator norm of the projection 
operator P. 

Proposition 5.4. For every 1-form b G C^^j^iM), we have the estimates 



.AM) 



and 



\\mq^jM)<Ce- 



\\b\\q^,AM)- 



Proof. Without loss of generality, we may assume that 



< 1. 



Consider a point x e S and let X be a vector field of the form 



X = £Wpep +i^{y- £v)p Cp + rpa {y - ev)a . 



Using the estimate 



sup{e+\y\y+''\b{x,y)\ < 1 



we obtain 




Prom this it follows that 



sup |n6(a;)| <Cs 



-2-iy 
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This implies 

sup HM^IIfe^<c,---.. 

4\X1-X2\>£ \Xl-X2P 

Using the estimate 

sup {e + \y\r^^-^^yl^^^^^<e-\ 

i\xi-X2\<e \X1-X2P 

we deduce that 

|n6(xi) -n6(a;2)| 



sup 



Fi — a;2r 
Thus, we conclude that 

\\Ub\\c.^S)<Cs'^-^-'^, 

hence 



T (A/r\ < C S ^ ^ . 



IIC3\.(M) :^ 
This proves the assertion. 



Proposition 5.5. For every h € £lj^^{M) there exists a 1-form a € C^^^(M) 
such that 

and 
and 

W^Aa - b\y^^jM) < C I logel"^ Mq^jm)- 
Proof. Apply Proposition 5.1 to k6 and Proposition 5.3 to (1 — k) b. 

Proposition 5.6. For every b G £^_^_^{M) there exists a 1-form a G C^^^(M) 
such that 

and 

(I - P) Lag = b. 
Furthermore, a satisfies the estimate 

||nL^a||c7(5) < Ce-2+^ \\b\\q^^(M)- 
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Proof. By Proposition 5.5, there exists an operator S : £^3^^(M) C^^^(M) 
such that 

and 

" l'cJ+,({p6M:dist(p,5)<£2}) - II IIC3+.(M) 



and 



La S6 - 6||c7^ jM) <C\\oge\ ^ \\b\\q^^{M)- 



-3+1/ V^"^ — ' " '-3+ 

This imphes 

||nLAS6||c.(5) = ||n(LAS6-6)||c.(5) < C£-2+i^— ^ ll^llc3V(M)- 
Prom this it fohows that 

11(1 - P)LaS6 - 5||c.^_^(M) < C I \oge\-^ Mc-^^m- 

Therefore, the operator (I — P)LyiS : E^+vi-^) ^s+ui^) invertible. 
Hence, if we define 

a = S[(I-P)LAS]"^6, 

then o satisfies 

and 

(I - P) L^a = b. 
This proves the assertion. 



6 The nonlinear problem 

Proposition 6.1. For every approximate solution A, there exists a nearby 
connection A = A + a such that 

and 

iI-¥)iD*^F^ + D^D\a) = 0. 

Furthermore, a satisfies the estimate 

— 

||nLAa||c7(s) < C£32. 



30 



Proof. The connection A = A + a satisfies 

D*^F^ + D^D*^a = D\Fa + L^a + DAD\a + Q(a), 

where Q{a) contains only quadratic and cubic terms. This impUes 

D\F^ + D^D\a = D\Fa + L^a + Q{a). 

According to Proposition 5.6, there exists an operator G : £^3^_j^(M) 
Cl'^^{M) such that 

and 

(I - P) La G = I. 
We now define a mapping $ : Cl'^^{M) Cl'^^{M) by 

$(a) = -G (I - P) {D*aFa) - G (I - P) Q(a). 
Then we have the estimate 



ma) 



n^M) < C 11(1 - IP) {DAFA)\\q^^iM) + C 11(1 - P) Q{a)\\c.^^^j^) 



2 

1 + u 

< Ce—^ \\D\FA\\ci^^^M)+Ce-''-^ \\Q{a)\\q^^^M) 



for all a G C^^^(M) satisfying 



Moreover, we have 

ma) - ^(o')llq^..jM) < Ce-^-^ \\Q{a) - Q{a')\\c.^^^M) 



for all a,a' ^ C^^j^(M) satisfying 



Hence, it follows from the contraction mapping principle that there exists a 
1-form a G Cl'^^{M) such that 
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and 

^(a) = a. 
Prom this it follows that 

G (I - P) {D\Fa) + a + G (I - P) Q{a) = 0, 

hence 

(I - P) {D\Fa) + (I - P) hAa + (I - P) Q{a) 
Thus, we conclude that 

(I-P) {D*^F^ + D^D*^a) = 0. 
This proves the assertion. 

Corollary 6.2. If A satisfies 

V{D\F^ + D^D\a) = Q, 
then A is a solution of the Yang-Mills equations, i 

D*aFa = 0- 
Proof. By definition of A, we have 

(I-P) iD*^Fj^ + Dj^D*^a) = 0. 
Hence, if A satisfies 

F{D*^F^ + D^D*^a) = 0, 
then we obtain 

+ DaD^u = 0. 
Using the Bianchi identity, wc obtain 

Da^aDa^ = D\D\F^ + D\D^D\a = 0. 
Integrating over M, we conclude that 

D^D\a = 0, 

hence 

D\F^ = 0. 
This proves the assertion. 
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7 The balancing condition 

Proposition 7.1. Let go be the product metric on the normal bundle NS 
(cf. Section 4)- Then the fibrewise projection I[{D^° Fa) is given by 

n — 4 

1=1 

Proof. Using the results from Section 4, we obtain 

4 
13=1 

Moreover, the Bianchi identity implies that 

DA,ejFA{ei, ei) - D^^e^FAiei, ej) + DA,e,FA{,ei, ej) = 0. 
Prom this it follows that 

n-4 4 ^ 

E E (yej{FA{ei,e^),FA{ei,ei)) - - V,^{FA{ei,ej3),FA{ei,e^)) 

1=1 Q,/3=l 

+ VeAFAiei,ej),FA{e^,ej)))X- 

n-4 4 

= E E {DA,e,FA{ei,ej),FAiei^,ej))X'^ 

i=l a,/3=l 

= {D*^'Fa,Fa{X,.)). 
If X is a vector field of the form 

X = eWpCp + ii{y - ev)p + rp„ (y - ev)a ej, 
then we have 

n-4 4 ^ 

E E {'^ej{FAiei,ej),FA{ei,ei^)) - - V,^{FA{ei,ej),FAiei,ej))) X'^ 

^ i=l a,/3=l 

n— 4 4 ^ 

5] ^ {{FAiei,ej),FA{ei,eii))VfsX'' - -{FA{ei,ej),FAiei,ej))VaX'') 

^ i=l a,/3=l 

Similarly, we obtain 

4 

{FAiei,ej),FA{ei^,ej))X" 

^ a,/3=l 

= -e^ (47r2 (Vj?;, t«) + Stt^ A VjA// + 27r2 A^ (^j, r)). 
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Differentiating tfiis identity, we obtain 



n— 4 4 



n— 4 „ 4 

„ n-4 4 

- / EE {FA{ei,ej),FA{ei;,ej))ViX^ 

= -e^ Utt^ {Av, u;) + Stt^ a AA/x + Stt^ I VA| V + 47r^ |Vt;| V + 27r^ ( ^ Vi 



n-4 



1=1 



Tlius, we conclude tfiat 



/ {D*^''Fa,Fa{X,.)) 

= -e^ Utt^ {Av, w) + Stt^ A (AA, /x) - 2Tr^ A^ \9f /x + 27rV ^ Vi{X^ 9i),r 



n— 4 



1=1 



Prom tfiis the assertion follows. 



Proposition 7.2. The fibrewise projection II{D\Fa) satisfies the estimate 



^{D*aFa) 



n— 4 4 n— 4 4 

E E hij,phij^„Va + ^ ^ RipaiVa, 
i,j=l p,c=l 1=1 P,<T=1 

^ ^ n— 4 4 ^ n— 4 1 ^ 

A ^''^ I E E + 1 E E ^pp^ ~ 1 1^1^' 



i=i ^ 



i=l p=l 

< Ce. 



Proof. The Riemannian metric satisfies the asymptotic expansion of the 
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form 

4 

p=i 

n— 4 4 

+ X] hik,phjk,aypya 
k=l p,T=l 
4 

P,(T=1 

g{ei,ei;) = Oi\yf) 

I 4 

9{ea,ej) = 5af3- - Rapal3ypya + 0{\yf). 

p,a=\ 

Using this asymptotic expansion, Proposition 7.2 can be deduced from 
Proposition 7.1. The details are left to the reader. 



Proposition 7.3. The fibrewise projection of D*rF^ + D^D*ra satisfies 



A 

n-4 4 



n-4 4 

i,j=l p,cF=l i=l p,a=l 



ij=l p=l 



i=l p=l 



A2 



per. 



C7(S) 



Proof. Using the estimate 
we obtain 

l|nQ(a)||c.(5) < T \\Q{a)\\c.^^^M) 



Moreover, we have 

||nLAa||c7(5) < Cesk. 
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Hence, the assertion follows from Proposition 7.2. 
Proof of Theorem 1.1. Let 

The first part of Theorem 1.1 follows from Corollary 6.2, the second part 
from Proposition 7.3. 



8 An example 

Suppose that the normal bundle NS can be endowed with a S'C/(2)-structure 
(J, oj) which is parallel with respect to the Levi-Civita connection V. This 
implies that = 0. Moreover, suppose that A is a postive function on S 
which satisfies the linear PDE 

^ n-4 4 ^ n—A 4 

i,j=l p=l i=l p=l 

In addition, we assume that the following non-degeneracy conditions hold: 

(i) The Jacobi operator of S is invertible. 

(ii) The kernel of the operator 

^ n— 4 4 ^ n— 4 4 

i,j=l p=l i=l p=l 

is spanned by the function A. 

Proposition 8.1. Let {w^ii,r) he a section of the vector bundle NS ©M© 
h.\NS such that 

Ikllc2.7(5) < 
Il/^llc2.7(5) < 
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Then the connection A = A + a corresponding to {w, /j,, r) satisfies the esti- 
mate 



(n-4 4 n-4 4 



i,j=l p,c=l i=l p,cr=l 

^ ^ n,-4 4 ^ n-4 4 

n— 4 



1 \ 



Proof. This follows immediately from Proposition 7.3. 
For abbreviation, let 

(n-4 4 n-4 4 

i,j=l p,<T=l i=l p,<T=l 

J ^ n— 4 4 ^ n— 4 4 

- A(A /^) + I XI ^^i'P ^ + 4 -^/'/'^ ^' 

i,j=l p=l 1=1 /9=1 



1 ""'^ \ 

-^5;V.(A2V.r) . 
i=i ^ 



If (w, fi, r) is a section of the vector bundle NS R A^iVS" of class C^''^, 
then J(u;, |Lt, r) is a section of the vector bundle NS M A^NS of class 
CT. 

The kernel of J is a vector space of dimension 4. It consists of all triplets 
(0, jU, r), where n is constant on S and r is a parallel section of the vector 
bundle AlNS. 

Proposition 8.2. There exists a section {w,fj,,r) of the vector bundle NS® 

R © A\NS such that 

n(^Fi + D^D*^a) G V, 
where A = A-\- a is the connection corresponding to {w, fj,, r). 
Proof. By Proposition 8.1, we may write 

n(L»^F4 + D^D*^a) = J{w, /x, r) + Riw, n, r). 
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where \\R{w, iJ,,r)\\cj(s) ^ Ce32 for \\{w, iJ,,r)\\c2,-f[s) < s^*- Hence, the op- 
erator —J~^ R maps a ball of radius £^ in the Banach space C'^''^{S) into 
a ball of radius Ce32 in C'^''^{S). Using an appropriate sequence of smooth- 
ing operators, we may approximate the mapping —J~^ i? by a sequence of 
compact mappings. Each of these mappings has a fixed point in C^''^(S') by 
Schauder's fixed point theorem. Taking limits, we obtain a fixed point of 
the original mapping —J~^ R in the Banach space C^' 2 (S). With this choice 
of the glueing data {w, fj,, r), we obtain {w, jj,, r) + R{w, /x, r) = 0, hence 
J{w, fi, r) + R{w, jjt, r) G V. 
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